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Abstract 
The objective of research is finding of a possibility economy of rigid pavement weight and volume of material. The subject 
of the research is a mathematical model of rigid pavement in the form of a multilayer structure on an elastic foundation. 
The method of a research consists in modeling the behavior of rigid pavement in the form of a set of equations. These 
equations reflect the change in the stress-strain state of such structures. The system of equations takes into account the 
geometric nonlinearity of the work of materials and makes it possible to investigate the influence of various parameters on 
the values of stresses and displacements. Critical force coefficient and stress of shells are calculated by Bubnov-Galerkin. 
The formation way of the elastic foundation allows modeling the spreading layers with various characteristics. Use of two-
layer model allows considering of a surface course and base course of road pavement designing (for example concrete and 
crushed stone). The graphs show the patterns of change of the stress of rigid pavement when changing the characteristics. 
The form of rigid pavement allowing to maintain big loadings is exposed to improvement. Findings shows the possibility 
of optimizing the geometric parameters of the design and achieving the savings in weight and volume of the consumable 
material. 
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1. Introduction 
Structures in the form of plates on an elastic foundation have found wide application as designs of rigid pavements. 
Rigid pavement [1-6] differ from flexible pavement [7-10] in existence of a concrete layer in a surface course. Such 
constructions perceive big loading. One more advantage of such constructions is the speed of mounting and lack of the 
special mounting equipment. For this reason, such constructions are considered in our work. However, it is more 
expedient to use shallow shells that have a definite rise in the center. This makes it possible to provide the necessary 
transverse slope at the manufacturing stage. In addition, to reduce material costs. The work is necessary as it provides a 
technique for determining the stress-strain state of such structures. The difficulty is that it is necessary to consider a 
multilayer structure on an elastic foundation. 
 Different properties of the foundation must be taken into account. Optimization of the shape of the shallow shells 
on the elastic foundation and the characteristics of the elastic foundation will allow achieving greater effect. Currently, 
the optimization of rigid pavements is on the way to improving the material. Various plastics and recycling elements are 
mainly considered. However, savings can be achieved regardless of material. This can only be obtained by changing the 
shape of the construction. The innovation of the work is to develop a form of rigid pavement that reduces production 
costs and increases bearing capacity. Taking into account the geometric nonlinearity of the material makes it possible 
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to approximate the calculated model to the actual work of the structures. 
2. Research Methodology 
The construction of rigid pavement loaded with a vertical load can be described by a system of equations [11, 12]:  
{
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Where; 
𝜑: Effort function; 
𝑤: Deflection function; 
𝐹 =  𝐹(𝑥, 𝑦): function of the shape of the structures, including the dimensions in the plan a and b, the rise f and the 
shape parameter ξ; 
𝑍: Function loading on rigid pavement; 
𝐾:  Modulus of elastic foundation reaction;  
𝑡: Soil shear parameter. 
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Where; 
Е𝑠 𝑎𝑛𝑑 𝜈𝑠: Elastic module and Poisson's ratio of the soil; 
Н : Depth of the soil stratum; 
𝛹(𝑧): function of cross distribution displacements. 
Function of cross distribution displacements [13, 14]:  
Ψ(𝑧) =
𝑠ℎ𝛾
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𝑠ℎ𝛾
𝐻
𝑎
 (5) 
Equivalent stresses in the rigid pavement are found by the fourth stress hypothesis. Stress coefficient can be described 
by the equation [15-17]:  
σ = √
1
2
[(𝜎1 − 𝜎1)2 + (𝜎3 − 𝜎1)2 + (𝜎2 − 𝜎1)2]. (6) 
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ℎ: Shell thickness; 
𝐸: Elastic module; 
𝜈: Poisson's ratio; 
𝐴, 𝐵: Unknown of Bubnov-Galerkin method; 
𝑍𝑥, 𝑍𝑦: Beam function. 
The construction of rigid pavement can be considered as two-layer (Figure 1). The bottom layer is the foundation; 
the upper layer is a rigid shallow shell. The modulus of elasticity of the foundation is determined using a Nomogram 
[18], constructed on the basis of the solution of the elasticity problem for a two-layer system. The transition from a 
multilayer structure to an equivalent single-layer construction is carried out from the bottom to the top, beginning with 
the underlying soil. 
The distance between the upper surface and the neutral of the layered shell can be determined by the equation [19, 
20]: 
z0 =
𝐸1ℎ1
2 + 2𝐸2ℎ1ℎ2 + 𝐸2ℎ2
2
2(𝐸1ℎ1 + 𝐸2ℎ2)
. (12) 
Where; 
𝐸1 𝑎𝑛𝑑 𝐸2: Elastic module of the upper and lower layer of rigid pavement. 
Rigidity of the two-layer rigid pavement can be described by the equation: 
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(13) 
Where; 
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ℎ1 𝑎𝑛𝑑 ℎ2: Thickness of the upper and lower layer of rigid pavement. 
 
 
 
 
 
 
 
 
Figure 1. Two-layer rigid pavement 
3. Results and Discussion 
With this technique it is possible to analyse the stress change in the construction of rigid pavement. Figure 3 depicts 
the dependence of the stress on the thickness of shell (Figure 3a) and on the form parameter (Figure 3b) for simple 
support and fixed support (Figure 2) [21]. 
     
                                          (a)               (b) 
Figure 2. Road boundary: a) without road border (simple support); b) road border (fixed support) 
 
Subbase
Base course
Surface courseh
h
z
0
1
2
S
ig
m
a
 
 
xi 
(a) 
Civil Engineering Journal         Vol. 5, No. 11, November, 2019 
2499 
 
 
Figure 3. Illustration of the dependence of the stress (sigma) in the construction of rigid pavement: a) on the thickness of 
shell (t); b) on the form parameter (xi) 
The graphs show that the stress functions are smooth and unimodal. This simplify the optimum forms of rigid 
pavement analysis. The stress increases when the values of the thickness decrease and value of the form parameter 0.75. 
Type of support has an effect on the value of the stress. Fixed supported of construction of rigid pavement (installation 
of border stones) significantly reduces the stress value.  
In order to obtain the optimal shape of the rigid pavement, it is necessary to reduce its volume (the amount of material 
expended) while maintaining the bearing capacity. The performance characteristics (especially the transverse slope) 
should be satisfactory. 
{
𝑉(𝜉, 𝑡) → 𝑉𝑚𝑖𝑛,
𝜎(𝜉, 𝑡) − 𝜎0 ≤ 0.
 (14) 
Where; 
𝑉 (𝜉, 𝑡): volume function; 
𝜎(𝜉, 𝑡):  stress function. 
On the results of the optimization procedure it is offered to use road plates-shells with median surface: 
𝐹(𝑥, 𝑦) = 𝑓 [1 −
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Where; 
𝑎, 𝑏: Dimensions in the plan;  
𝑓: Rise; 
𝜉: Shape parameter; 
𝑓:  Rise of arch. 
Optimum value of parameters: а =  1.5 м, 𝑏 =  3,5 м,   𝑓 =  0.15 м,   𝑓1 =  0.15 м,   𝑓2 =  0,   𝜉 =  0.73. 
The optimization algorithm is built on a combination of techniques gradient method and random search method. 
Penalty functions method of constrained function minimization is used [22]. 
The optimization algorithm shows a possibility of economy of material to 20%. It is reached due to rational 
distribution of thickness, a ratio of layers thickness and a form of rigid pavement. 
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Values of parameters at which volume or value of stresses is reduced can be selected. The specified function uses all 
design shape parameters that can be changed for designing process needs. The specified numerical values provide a 
necessary lateral slope and consider convenience of mounting of constructions. 
4. Conclusion 
This methodology can be applied to determine stresses for rigid pavement of variable shape of the middle surface, 
thickness of layers and the characteristics of the elastic foundation. In some problems, the numerical method provides 
greater accuracy and adaptability compared with the finite element method. The formation way of the elastic foundation 
allows modeling the spreading layers with various characteristics. Use of two-layer model allows considering of a 
surface course and base course of road pavement designing. The graphs show the patterns of change of the stress of rigid 
pavement when changing the characteristics. Findings shows the possibility of optimizing the geometric parameters of 
the design and achieving the savings in weight and volume of the consumable material. The optimization algorithm 
shows a possibility of economy of material. The results of design optimization are given. Shows an example of specific 
design parameter values that minimize the amount of material consumed. 
5. Conflicts of Interest 
 The authors declare no conflict of interest.  
6. References  
[1] Heymsfield E. and Tingle J.S. “State of the practice in pavement structural design/analysis codes relevant to airfield pavement 
design.”Engineering Failure Analysis (November 2019): 12-24. doi:10.1016/j.engfailanal. 2019.06.029. 
[2] Gupta T. and Sachdeva S.N. “Laboratory investigation and modeling of concrete pavements containing AOD steel slag”. Cement 
and Concrete Research (October 2019): 105808. doi:105808 10.1016/j.cemconres.2019.105808. 
[3] Islam S., Sufian A., Hossain M., Velasquez N. and Barrett R. “Practical Issues in Implementation of Mechanistic Empirical Design 
for Concrete Pavements”. Journal of Transportation Engineering, (September 2019): 04019020. doi:10.1061/JPEODX.0000120. 
[4] Tahir M.F.M., Abdullah M.M.A.B., Hasan M.R.M., Zailani W.W.A. “Optimization of fly ash based geopolymer mix design for 
rigid pavement application”. AIP Conference Proceedings (July 2019): 020144. doi: 10.1063/1.5118152. 
[5] Cao, Dandan, Yanqing Zhao, Wanqiu Liu, Yuhua Li, and Jian Ouyang. “Comparisons of Asphalt Pavement Responses Computed 
Using Layer Properties Backcalculated from Dynamic and Static Approaches.” Road Materials and Pavement Design 20, no. 5 
(February 8, 2018): 1114–1130. doi:10.1080/14680629.2018.1436467. 
[6] Pérez-Acebo, Heriberto, Nicolae Mindra, Alexandru Railean, and Eduardo Rojí. “Rigid Pavement Performance Models by Means 
of Markov Chains with Half-Year Step Time.” International Journal of Pavement Engineering 20, no. 7 (July 25, 2017): 830–
843. doi:10.1080/10298436.2017.1353390. 
[7] Haynes M., Coleri E. and Estaji M. “Selection of the most effective pavement surfacing strategy for the Glenwood cross laminated 
timber parking garage”. Construction and Building Materials (November 2019): 162-172. doi: 
10.1016/j.conbuildmat.2019.07.220 . 
[8] Kukiełka, J. and Bańkowski, W. “The experimental study of mineral-cement-emulsion mixtures with rubber powder addition”. 
Construction and Building Materials (November 2019): 759-766. doi: 10.1016/j.conbuildmat.2019.07.276. 
[9] Bimal Kumara, Sanjeev Sinhaa and Hillol Chakravarty. “Study of Effect of Nano-Silica on Strength and Durability Characteristics 
of High Volume Fly Ash Concrete for Pavement Construction”. Civil Engineering Journal (June 2019): 1341 – 1352. doi: 
10.28991/cej-2019-03091336. 
[10] Naveed H., ur Rehman Z., Hassan Khan A., Qamar S. and Akhtar, M.N. “Effect of mineral fillers on the performance, 
rheological and dynamic viscosity measurements of asphalt mastic”. Construction and Building Materials (October 2019): 390-
399. doi: 10.1016/j.conbuildmat.2019.06.170. 
[11] Nie G., Chan C., Yao J. and He X. “Asymptotic solution for nonlinear buckling of orthotropic shells on elastic foundation.” 
AIAA Journal (May 2012): 1772-1783. doi:10.2514/1.43311. 
[12] Straughan, William Thomas. "Analysis of plates on elastic foundations." PhD diss., Texas Tech University, 1990. 
[13] Stupishin L., Kolesnikov A. and Nikitin K. “Variable form forming investigation for flexible shallow shells on circular base”. 
Asian Journal of Civil Engineering (2017):163-171.  
[14] Luo Z.  Hu B. and Pan E. “Robust design approach for flexible pavements to minimize the influence of material property 
uncertainty”. Construction and Building Materials (November 2019): 332-339. doi: 10.1016/j.conbuildmat.2019.07.118. 
Civil Engineering Journal         Vol. 5, No. 11, November, 2019 
2501 
 
 
[15] Stupishin L. and Kolesnikov A. “Layered geometric nonlinear shallow shells for variable form investigation.” Advanced 
Materials Research (July 2014): 359-362. doi:10.4028/www.scientific.net/AMR.988.359. 
[16] Dao H., Nguyen D. and Tran Q. “Nonlinear vibration of imperfect eccentrically stiffened functionally graded double curved 
shallow shells resting on elastic foundation using the first order shear deformation theory.” International Journal of Mechanical 
Sciences (Mar 2014): 16–28. doi:10.1016/j.ijmecsci.2013.12.009. 
[17] Andreev V. and Avershyev A. “Stationary problems of moisture-elasticity for inhomogeneous thick-walled shells.” Advanced 
Materials Research (Mar 2013): 571-575. doi: 10.4028/www.scientific.net/amr.671-674.571. 
[18] Andreev V. “About one way of optimization of the thick-walled shells.” Applied Mechanics and Materials (May 2012): 354-
358. doi:10.4028/www.scientific.net/amm.166-169.354. 
[19]  Vladimirovna-Bredikhina, Natalia. “Basic Principles of Production-and-Technical Potential Capacity Formation in the 
Construction Industry of a Region.” Istrazivanja i Projektovanja Za Privredu 15, no. 4 (2017): 495–497. doi:10.5937/jaes15-
15456. 
[20] Nath Y. and Jain R. “Non-linear dynamic analysis of shallow spherical shells on elastic foundations.” International Journal of 
Mechanical Sciences (Jan 1983): 409-419. doi: 10.1016/0020-7403(83)90055-3. 
[21] Stupishin L., Kolesnikov A. and Tolmacheva T. “Analysis of flexible layered shallow shells on elastic foundation”, IOP 
Conference Series: Materials Science and Engineering. doi:10.1088/1757-899x/201/1/012018. 
[22] Kaveh, A. “Optimal Structural Analysis” (June 30, 2006). doi:10.1002/9780470033326. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
